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Abstract

We examine the distinguishing number of the Cartesian product of an arbitrary number
of complete graphs. We show that for u; < --- < wuy the distinguishing number of the
Cartesian product of complete graphs of these sizes is either [u}/ * or (utl/ "1 + 1 where
§ = Hf;ll u;. In most cases, which of these values it is can be explicitly determined.
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1 Introduction

The distinguishing number of a graph is the minimum number of labels needed so that
the only label preserving automorphism is the identity automorphism. The distinguishing
number was introduced by Albertson and Collins in [2]. Albertson [!] observed that the
distinguishing number of powers (with respect to Cartesian product) of complete graphs
provides an upper bound on the distinguishing number of powers of prime graphs. (Formal
definitions will be given in the next section.)

Building on results [3] that the hypercube has distinguishing number 2, Albertson [1]
showed that that distinguishing number of the d™ power of a complete graph is 2 when
d > 4. This result was extended in [10] and [9] showing that Cartesian powers of complete
graphs have distinguishing number 2 except for squares and cubes of K> and the square
of K3 all of which have distinguishing number 3. We will look more generally at the
distinguishing number of Cartesian products of complete graphs of different sizes.
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For products of graphs of different sizes, the distinguishing number of the Cartesian
product of complete graphs on u; and us vertices for u; < uy was examined in [5] and
[7]. It is either [ué/ “7or [u;/ “7+ 1. In ‘most’ cases which value it is can be determined
explicitly and in a few cases it can be determined using a recursion.

More generally one can talk about the distinguishing number of a group acting on a set
as the minimum number of labels needed so that the only label preserving group element
is the identity. When the group is the group of automorphisms of a graph and the set is
the vertex set this is the distinguishing number of the graph. Chan [4] examined .S,,, X S,
acting on [m] x [n]. When m # n this is the distinguishing number of the Cartesian product
of complete graphs of size m and n hence the results in the previous paragraph apply.

In this paper, we examine the distinguishing number of the Cartesian product of com-
plete graphs of sizes u; < ug < --- < ug. As a tool we will use the closely related distin-
guishing number of the group S;,, X Sy, X -+ X S, acting on [u1] X [ug] X -+ X [ug).
These are identical problems when the u; are distinct. We will show the following. Except
ford = 2 withu; = up = 2o0ru; = us = 3 and d = 3 with u; = us = ug = 2 these
two distinguishing numbers are the same. This distinguishing number is either [uzl/ ] or
[u;/ *1 + 1 where s = TI{= ;. As with the case d = 2, in ‘most’ cases which value it is
can be determined explicitly and in a few cases it is can be determined using a recursion.
Our proof uses induction via two basic reduction lemmas. The switching lemma extends a
version for the Cartesian product of 2 complete graphs and reduces the sizes of the u;. The
collapsing lemma reduces the ‘dimension’, the number d of factors.

A relatively simple argument for the lower bound, [u}/ *1, is the following. For a c-
coloring f of GOK, let f, be a coloring of G given by f, = f(z,v). If u > ¢° there
must be two vertices v, v’ in K, with f, = f,,. Then the automorphism that is constant
on G coordinates and transposing v and v’ is label preserving. Hence, the distinguishing
number is at least v'/* and, since it is integral, at least [ul/ #]. Then apply this with
G = K,,0.--0K,,_,. This approach is found in our Lemma 4.3 as well as earlier papers
on distinguishing numbers of Cartesian products. The nice description above is suggested
by an anonymous referee.

The upper bound [%'/*7 + 1 for Cartesian powers of general graphs follows from the
upper bound observation noted above on powers of complete graphs (see also Observation
2.5 below and the comments surrounding it) and our upper bound in Corollary 5.1. When
s < ug we do not need our Corollary 5.1 as it follows from the upper bound on Cartesian
products of two complete graphs upper bound found independently in [5] and [7].

Hence, the main work in our proof covers the cases ug < s. As [u;/ 81 < 2 for
0 < uq < s, we are establishing an upper bound of 3 on the distinguishing number in these
cases. We work with general c rather than ¢ = 2 needed for uy < s since, in addition,
our proof establishes exactly which of the two bounds holds for ‘most’ cases of Cartesian
products of complete graphs. It is also interesting to note that the determination of the exact
value of the distinguishing number depends only on u4, ug—1 and the product H;l;f uj.

2 Definitions and background
We begin with basic definitions.

Definition 2.1 (Distinguishing Labeling). Given a set V' and a group H acting on V, a
labeling ¢ : X — {1,2,...,c} is c-distinguishing if only the identity preserves the labels.
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When the set V is the vertex set of a graph and the group is the automorphisms of the graph
we will call this a distinguishing labeling of the graph.

Definition 2.2 (Distinguishing Number). Given a set V' and a group H acting on V/, the
distinguishing number Dy (V') is the smallest ¢ such that there is a c-distinguishing label-
ing. For graph automorphisms, Aut(G) acting on a graph G with vertex set V' we will write
D(G) instead of Day) (V') and refer to the distinguishing number of the graph.

Definition 2.3. The Cartesian product of graphs G; and G2 on vertex sets Vi and V;
respectively, denoted G10Go, is the graph with vertex set V7 x V5 and an edge between
(u1,ug) and (v, v9) if and only if either u1 = vy and ugvs is an edge of Ga or us = vy
and ujv; is an edge of G;. Multiple powers are defined inductively GG, - - 0G4 =
(G10---0G4-1)0Gy.

The d™ Cartesian power of a graph is the product of d copies of the graph. That is,
G4 = GOG? ! with G?> = GOG. A graph G is prime with respect to Cartesian product if
whenever G = G100G3, then either G or G5 is the trivial graph with a single vertex.

The operation [ is associative and commutative. Graphs have unique prime factor-
izations G = G10---0OG,; where each G; is prime. Graphs GGy and G2 are said to be
relatively prime if they do not share a common factor.

In order to simplify notation, we will use the following terminology to distinguish the
two closely related distinguishing labeling problems that we will examine.

For a Cartesian product K, [JK,,,00---0K,,, of complete graphs, we can identify

the vertices with d-tuples from [u1] X [ug] X -+ X [ug] with two vertices adjacent if
and only if they agree on exactly d — 1 coordinates. We can think of a c-labeling as
an array of size ug,us,...,uq with entries from [c¢]. By the Imrich and Miller result

noted below, automorphisms correspond to permutations of entries within each dimen-
sion along with ‘transposes’ of same size dimensions. For simplicity in notation, we will
refer to this set and group of automorphisms as an array of size ui,us, ..., uq and write
D(Array(uy,us, ..., uq)) for the distinguishing number.

For distinguishing labelings of S,,, X Sy, X --- x Sy, acting on [u3] X [uz] X --+ X
[ug], we can think of the elements as d-tuples from [u1] X [ug] X - -+ X [ug]. The group
actions correspond to permutations of entries within each dimension. Unlike the previous
paragraph, ‘transposes’ of same size dimensions do not occur. For simplicity in notation
we will refer to this set and group of automorphisms as a grid of size uj, us, ..., uqg and
write D(Grid(uy,uz, ..., uq)) for the distinguishing number.

For completeness, we make the following trivial observations which follow from the
fact that the group acting on the grids is a subgroup of that acting on the arrays.

Observation 2.4. If the array of size u1,ug, ..., uq has a distinguishing c-coloring, then
the grid of size ui, ue, ..., uq has a distinguishing c-coloring. The distinguishing number
of the grid of size u;, ua, ..., uq is at most the distinguishing number of the array of size

Uy, Uz, . .., ug. Thatis, D(Grid(uy, us,...,uq)) < D(Array(ug, ua, ..., uq)).

As noted above, the distinguishing numbers of arrays and grids of the same size will
be shown to be equal except in the following three cases: d = 2 with u; = uy = 2
or with u1 = ug = 3 and d = 3 with u; = us = ug = 2. In each of these small
cases, it is straightforward to check that the grid distinguishing number is 2 and the array
distinguishing number is 3. For arrays, the first two are noted in [3] and the third in [9].
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For grids, the first two are noted in [4] and for the third, observe that the [2] x [2] x [2]
grid with with entries a; ;1 given by [ ; ; } and entries a; ;> given by [ } } } is
2-distinguishing.

A result shown independently by Imrich and Miller (see [8]) is that if G is connected and
G = G10---0OG is its prime decomposition, then every automorphism of G is generated
by the automorphisms of the factors and the transpositions of isomorphic factors. Using
this we make the following observation which extends those of Albertson [1] and Imrich,
Jerebic, and Klavzar [7]. As with the Observation 2.4, it follows as the group acting on the
vertex set of the graph is a subgroup of that acting on the array.

Observation 2.5. If G = G10G.0- - - OG,; with the G; relatively prime and |V (G;)| =
u;, then D(G10G.0---0Gq) < D(Array(uy, ug, ..., uq)).

As a consequence of our results, we will see that D(Array(uy, ..., wi—2, Ui—1, Us,
Uity - ,us)) < D(Array(ul, ce, Ui—9, (ui_lui), Uit 1y .- - ,us)). Thus, if the sizes
of the factors in the prime factorization of G1UG,0---OG, are uy, ug, ..., uq, then

D(G1O0G.0O---0G4) < D(Array(ui,us,...,uq)). Hence, we can drop the relatively
prime assumption in Observation 2.5.

We will also use the following definitions and notation. Examples of switching and
collapsing in 2 dimensions are described in the next section.

For automorphisms of grids we will write (71, 7o, ..., 74) where 7; is a permutation
of [u;]. For arrays we will write automorphisms as (o; 71, ..., 7) where the m; are as
for grids and o is a permutation of [d] (such that only positions with equal sizes can be
permuted). We will apply the 7; first and then permute the dimensions.

Definition 2.6 (Switching). For a c-labeling A with entries a(i1,1s,...,%4) of an array
(grid) of size uy,us,...,uq, the dimension ¢ subarrays are the (d — 1) dimensional ar-
rays Ak of size (ul, vy Ui— 1y U1y e e - ,ud) given by ak(jl, AN ’ji—17ji+13 AN ,jd) =
a(jl,...,ji_17]€,ji+1,... ;jd) for k = 1,27...,Ui.

If Ais a c-labeling of an array of size uy, us, . . ., ug and the dimension ¢ subarrays are
distinct, then the dimension ¢ complement A is the size uy, ..., u;—1, ¥ —u;, Uiy, ..., Uq
array where p = uj - - - u;—1u;41 - - - ug, whose set of dimension ¢ subarrays is the set of all
¢ labelings of arrays of size (uq,...,u;—1,U;t1, ..., us) that do not appear as dimension ¢
subarrays of A.

For example, in two dimensions the dimension 1 subarrays are the rows and the dimen-
sion 2 subarrays are the columns. Also, in two dimensions, the dimension 2 complement
A3 is the size (u1, c** —ug) array consisting of all ‘possible’ columns (size u; strings with
entries from [c]) that do not appear in A.

Technically, the complement would depend on the ordering of the complementary sub-
arrays but as this will not affect what we do we will assume some fixed ordering and refer
to ‘the’ complement.

Definition 2.7 (Collapsing). For a c-labeling A with entries a(i1, 2, ...,%4) of an array
of size uy,uz,...,uq and S = {k + 1,...,d} the array A° obtained by collapsing the
dimensions in S has d — |S| + 1 dimensions with sizes (uy,us, ..., ug,q) Where ¢ =
Ugt1 - - uq. It is defined as follows: Let g be any bijection from [ugy1] X -+ X [ug] to
[tgr1---uq). The entries of AS are then a®(j1 ..., jk,9) = a(j1,-- -, Jks Jht1s- - Jd)
where g = g(ji+1,-- - Ja)-
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For any subset S C [d] of indices, the array Ag obtained by collapsing the dimensions
in S is defined in a similar manner and has d — |S| + 1 dimensions with sizes u; for i ¢ S
and one dimension of size I1;c su;.

Technically, the collapse would depend on the choice of g but as this will not affect
what we do we will assume some fixed g and refer to ‘the’ collapse.

3 Reduction lemmas

We will make use of two basic lemmas to relate distinguishing labelings of one size to
another. This will allow for induction to determine values of ¢ for which arrays and grids
of given sizes have distinguishing c-labelings.

Consider a c-labeling A of the size u;, us grid with distinct columns. The dimension 2
complement A3 has size u;, ¢"' — ug and consists of all ¢*! — ug possible columns that do
not appear in A. An automorphism (71, 72) of A that preserves labels maps the columns
of A to columns of A under m;. Hence, applying m; to A% must map columns of A% to
columns of A%. So we can find a permutation 7 of [¢"* — us] so that (7, 75 ) is a automor-
phism of A3 that preserves labels. So, we observe that there is a distinguishing labeling of
the size uq, uo grid if and only if there is a distinguishing labeling of the size uq, c*' — uo
grid. For arrays, we get the same result except that when u; = uy there is the possibility
of an automorphism that transposes rows and columns of A that does not correspond to an
automorphism of A%. So, in this case, we get only that if there is a distinguishing labeling
of the size uy, "' — ugy array and u; # wuse, then there is a distinguishing labeling of the
size uq, uq array. This idea will be presented as the switching lemma below.

The idea in the switching lemma (in two dimensions) below has appeared in a number
of earlier papers on distinguishing number. It appears in some form (at least) in [4], [5], [7]
[9] and [6]. We use the name switching lemma given in [7].

For simplicity in notation, we state the following lemma for switching in dimension d.
By permuting the labels on the dimensions, a similar statement holds for switching on any
dimension. We state versions for both grids and arrays. The proofs are essentially the same
as in the two dimensional case. For completeness, we give a proof for the grid version.

Lemma 3.1 (Grid Switching Lemma). Let w1 < us < --- < ug with ug < cP where
P = ujusg - - -uqg—1. There is a c-distinguishing labeling of a grid of size ui, us, ..., uq if
and only if there is a c-distinguishing labeling of a grid of size ui, us, ..., uq—1,c’ — uq4.

Proof. Consider a c-labeling A of the size wuj,us, ..., uq grid with distinct (d — 1)-di-
mensional subgrids. The dimension d complement A} has size uy,us, ...,c” — uq and
consists of all ¢P — w4 possible (d — 1)-dimensional subgrids that do not appear in A. An
automorphism (71, 72, . .., T, ) of A that preserves labels maps the (d — 1)-dimensional
subgrids of A to the (d — 1)-dimensional subgrids of A under g,y = (71,72, .., Ta—1).
Hence, applying 74, to A% must map the (d — 1)-dimensional subgrids of A% to the
(d — 1)-dimensional subgrids of A}. So, we can find a permutation 7/, of [¢? — ug4] so that
(1,72, ..., Ta—1, ) is an automorphism of A} that preserves labels. O

We state the following without proof as it is identical to the grid switching lemma.

Lemma 3.2 (Array Switching Lemma). If there is a c-distinguishing labeling of an array
of size uy,uz, ..., Um—1,cP — U, where p = ujug - Upy—1 and u,, # ui for all k =
1,2,...,m—1, then there is a c-distinguishing labeling of an array of size uy, us, ..., Un,.
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Our second reduction lemma, which we will call the collapsing lemma, allows a reduc-
tion in the number of dimensions. It is based on the following simple observation. Consider
a c-labeling A of the size w1, us array. We can write the rows one after another in a string
of length uqus (i.e., 1-dimensional array A{l,g} of size ujus). An automorphism (7q, 7o)
of A permutes entries of A and hence there is a corresponding permutation 7 » of the en-
tries of Ay 2y. Thus, if Agy 5y is a distinguishing c-labeling then so is A. Note that the
converse does not hold (indeed in two dimensions the entries need to be distinct for Ay 2)
to be distinguishing).

For higher dimensions, we need to be a little careful with equal sizes. For example,
consider a c-labeling A of size (u1,u2,u3) with u1 = uy. An automorphism of A that
transposes dimensions 1 and 2 does not necessarily correspond to an automorphism of
A{Q,g}, obtained by collapsing dimensions 2 and 3. So, if u; = u;, then we must either
include both in the dimension we collapse or exclude both.

As with the switching lemma, for simplicity in notation we state the collapsing lemma
for collapsing dimensions k + 1,...,d. By permuting labels of the dimensions, a similar
statement holds for collapsing any set .S as long as w; = u; implies either 4, j € S or

ih,Jj &S

Lemma 3.3 (Collapsing Lemma). If there is a distinguishing c-labeling of the (k + 1)
dimensional array of size (u1,us,...,ug, (ugt1---uq)) and for i < k and j > k we
have u; # wu;, then there is a distinguishing c-labeling of the d dimensional array of size
(ul,u2, ey Uy U410 - ,ud).

Proof. We prove the contrapositive. Let A be a c-labeling of the d-dimensional array of size
(U1, Uz, - ., Up, U1, - - -, uq) and define A as in definition 2.7 with S = {k+1,...,d}.

Let A be a distinguishing c-labeling of (uy, us, . . ., ug, (Upr1 - - - ug)) and let A be the
associated c-labeling of (uy,us, ..., Uk, Uk+1,- - ., Ug). An automorphism (o; 71, 72, . . .,
74) of A can be used to define an automorphism (o”; 7y, . .., T, T4 1) of A% in the ‘obvi-
ous’ way. We have o’ the same as o on {1,2,...,k} with k + 1 fixed. The automorphism
produces some permutation of the entries in dimensions k + 1,. .., d which we call 7 _ ;.
It is straightforward to see that we get an automorphism of A°. Hence, if A is not a dis-
tinguishing c-labeling of (uy,us, ..., us, Ukt1,---,us), then AS is not a distinguishing
c-labeling of (uy, ua, ..., Uk, (Ukt1 - Ut)). O

We observe that there is a corresponding collapsing lemma for grids without the size
conditions. We do not need this in what follows so we will not formally state it.

4 Distinguishing labelings

In this section we state a theorem describing those values of ¢ for which there are distin-
guishing labelings of arrays and grids of a given size. We first give lemmas providing upper
and lower bounds.

The following lemma will be used several times in the proof of Lemma 4.2.

Lemma 4.1. Let d be an integer greater than 3. If the array (uj,us,...,uq4—1) has a
distinguishing 2-labeling and if ug < wjug---ug—1 + 1, then (u1,us,. .., uq—1,uq) also
has a distinguishing 2-labeling.
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Proof. Suppose that (ug,usg, . . ., uq—1) has a distinguishing 2-labeling; call it £. We define
the weight of a generic 2-labeling to be the total number of times the label one is used in

the labeling. Because there are ujus - - - ug—1 + 1 2-labelings of (uy, us,...,uq—1) with
different weights, we can construct a distinguishing 2-labeling of (w1, ua, ..., uqg—1,Uq)
by taking ¢ together with any ug — 1 of the other remaining wjus - - - ug—1 2-labelings of
(u1,us, ..., ug—1) with different weights. O
Lemma 4.2. For integers ¢ > 2, d > 3and 1 < u; < up < -+ < ug with ug <
cuiu2td—1 [Ml — 1 there is a distinguishing c-labeling of the (uy, us, ..., uq)

ULU2* " Ud—2
array.

Proof. The proof will proceed by induction on the number d of dimensions and by in-
duction on ug. We will use the case d = 2 as the basis. For d = 2 and u; < wuo, if
ug < ¢ — [log, u1] — 1, then the (u,uz) array has a distinguishing c-labeling ([5], [7]).
This corresponds to the formula above if we interpret the product u; - - - ug_o as an empty
product equal to 1 when d = 2.

We will establish the result for d = 3 and d = 4 separately and then proceed to the case
d > 5. For each d, several cases are needed to determine where collapsing can occur.

d = 3: We first establish base cases for induction on u3. Note that the collapsing lemma
implies that (2, 2, 3) has a distinguishing 2-labeling (collapsing the first two terms we have
a size (4, 3) array which has a distinguishing 2-labeling). It is easy to verify that the two
2-labelings of (3, 3)

2 2 2 11 2
1 2 1 and 2 11
1 2 2 2 21
provide us with an explicit distinguishing 2-labeling of (2, 3, 3). The first array giving the

a1,,% entries and the second the ag ; ;. entries. Finally, a result of KlavZar and Zhu [10]
tells us that (3, 3, 3) has a distinguishing 2-labeling.

Case 1: (u1 <ug < Ug)

(i) If uyus < wug, then ((ujuz2),us) has a distinguishing c-labeling if ug < ¢*1%2 —
[log, ujus] — 1. By the collapsing lemma, (u1,ug,us) also has a distinguishing
c-labeling.

If ¢“1%2 — [log, ujuz] — 1 < ug < c“1%2 — [logu%uﬂ — 1, then switch in dimension

3 and consider (uy, us, z) where [Ml +1 <2< [log, ujus| < us.

(@) If2 < uy < us < z, then, as z < ug < c¥1%2 — [10%1&1 — 1, (u1,us2, 2) has
a distinguishing c-labeling by induction on usz. Thus, by the switching lemma,
(u1, ug,us3) also has a distinguishing c-labeling.

(b) If uy < 2z < wug, then it is always true that uy < c*%t — [bg—;zl —1. [z >
1050 U2

+ 1 implies that c*“* > wuoc”t. Thus, ¢**1 > usc™ and z < uo imply

that U < U™ —ug — 1 < W1 — {IOgL ] — 1.] Hence, by induction on u3 and
the switching lemma, (u1,us2,us3) has a dlstmgulshmg c-labeling.
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(c) If 2 < uy < wug, then it is always true that up < ¢** — [log%] —1. [z

>
IO%W + 1 implies that ¢®** > ugc®t. Thus, c®% > usc”t implies that uy <

U™ —ug — 1 < ugc™ —u; — 1 < 7™ — [log%] — 1.] Hence, by induction
on ug and the switching lemma, (u1, u2, u3) has a distinguishing c-labeling.

(d) Ifu; = 2 < ug and u? < ug, then it is always true that ug < c*%1 — [logTLz] —1=
cFM —2. [z > lo%erl implies that ¢*"* > usc™. Thus, ¢*™* > ugc™ implies
that uy < ugc™ — 2 < ¢t — 2.] It follows that (u?, u) has a distinguishing
c-labeling. Thus, by the collapsing lemma, so does (u1, z, us).

(e) Ifu; = z < ug and u? = ug, then (usg, uo) has a distinguishing 2-labeling via the
d = 2 result. Thus, by the collapsing lemma, (u1, 2, u2) also has a distinguishing
2-labeling. Hence, (u1, 2, u2) also has a distinguishing c-labeling.

(f) Finally, if u; = 2z < ug and ugz < u?, then it is always true that u3 < 242 —
[logy ua] — 1. [It is easy to check that this inequality holds for us = 3,4. For
ug > 5, a simple inductive argument implies that u3 < 2%2 —uy — 1. The desired
inequality now follows.] It follows that (uz, u?) has a distinguishing 2-labeling.
Thus, by the collapsing lemma, so does (u1, z,us). Therefore, (u1, 2z, us2) also
has a distinguishing c-labeling.

Thus, in any case, (u1,us,ug) also has a distinguishing c-labeling by the switching
lemma.

(i1) If uz < wujus, then since uqug < 24142 — [b%uz] — 1 always holds, (u1, us, uz) has

a distinguishing 2-labeling by induction on dimension and by the collapsing lemma.
[u1 < ug implies that us = u; + m for some m > 1. Using first semester calculus,
one can show that the function f(z) = 9e+me _ ] _ g2 _ (m+ 1)z — m is strictly
increasing for x > 2 (and m fixed). Since f(2) > 0, the desired inequality now
follows.]

Case 2: (u1 < ug = ug)
First note that it has already been shown that (2, 3, 3) has a distinguishing 2-labeling.

Next, recall that it is known (by the d = 2 case) that if 4 < uy = ug, then (ug, us) has
a distinguishing 2-labeling. Thus, Lemma 4.1 implies that (u; < u2 = ug) also has a
distinguishing 2-labeling.

Case 3: (u1 = Ug = U3)
This case follows from results in [9].

Case 4: (u; = ug < ugz), where ug + 1 < ug < s (m] -1

U1

(i) For (u1 = uz < us +¢), 1 < e < u3 — ug, we collapse and consider (ug + €, u3).

As we will show, u3 < 2%2%¢ — [log,(ug + ¢)] — 1 holds for all us > 2. Thus,
(up + €,u3) has a distinguishing 2-labeling by induction on dimension and hence
(u1 = ug < ug + ¢€) has a distinguishing 2-labeling by the collapsing lemma.

[u3 < 2%2+¢ — [log,(us + €)] — 1 can be verified by hand for the cases uy = 2,3, 4.
For uy > 5, one can prove by induction that u3 < 2%2+1 — 42 — 1. Our result then
follows.]
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(ii) For (u1 = uy < u3 + 1) through (u; = uy < s — [log.u3] — 1), we collapse
and look at (u2, 2), u2 + 1 < z < ¢“3 — [log, u3] — 1. By induction on dimension,
(u3, ) has a distinguishing c-labeling.

(iii) Finally, we see by the switching lemma that (u; = ug < s — [log, u3]) through
(ug = uy < " — (k’guﬁ] — 1) all have a distinguishing c-labeling. Note that one
case not covered here is 62, 2,14) ((2, 2, 2) does not have a distinguishing 2-labeling).
However, since (4, 14) has a distinguishing 2-labeling, the collapsing lemma shows
that (2, 2, 14) does too.

d = 4: The case (2, 2, 2, 2) will serve as the basis step for induction on uy.

Case 1: (u1 <uz <uz < U4)

(1) If uyue < ug, then, by induction on dimension, (ujusg,us,u4) has a distinguishing
c-labeling if uy < c¥1u24s — [%} -1

(i) If us < ujus = uy, then we use Lemma 4.1 to build a distinguishing 2-labeling for
(u3, uyuz, uq) from a distinguishing 2-labeling of (ujus, uy).

(iii) If ug < wjus < wuy, then (us,ujug,uy) has a distinguishing c-labeling if uy <

log, uiu . log, uiu log,. u
U U2 U3 cU1u2 U ULUS cU1uU27 U USLUS cU3]
c [FRe 2] -LIfc (=2 -1<u<c [t

then we switch in the last dimension and look at (k’iﬁ] +1<z< (logcu%] +1.
Note that the last string of inequalities is equivalent to 2 < z < 3. Thus, the only
value of z that we need to check is z = 2.

>

To decide whether or not (2, ug, u1uz) has a distinguishing c-labeling, we switch in
the second dimension and look at (2, 2z _ gy ujug). Since ug < ujusg, we have
urug < 212 — y3. Now, since ug > [log, ug] + 1 > [W} + 1, it follows

that ¢4 — yy < (Pwave — [1%8e1¥2] 1 Hence, (2, ujus, 1“2 — uz) has a
distinguishing c-labeling. Therefore, (2, u3, ujus) does too.

(iv) If uy < ujuo, then it is easily seen that ujus < 2us%s — [10‘%“4] — 1. [uqus <
usuy and ug < ujug imply the desired inequality.] Hence, (us,u4,uiuz) has a

distinguishing 2-labeling.
Case 2: (u1 <ug < usz = U4)

(1) If ugue < usg, then uy < 2uruzus _ [%] — 1 always holds. [One can show by
induction on uy that 2uy < 2%1%2%4 — 1. The desired inequality follows from the
last statement.] Hence, by the collapsing lemma, (u1, ug, u3, u4) has a distinguishing

2-labeling.

(i1) Similarly, if ug < ujug, then uy = uz < ujue < ui < 2ui _9 always holds. Hence,
by the collapsing lemma, (w1, us, us, uyq) has a distinguishing 2-labeling.

Case 3: (U1 < U2 =uz < U4)
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(i) If u3 < wuy, then (uy,us,us3,us) has a distinguishing c-labeling, by the collapsing
2 2

lemma, if uy < 1% — [Ioguiluﬂ — 1. If ¢ — [logu%l —1 < uy < Ui -

[%] — 1, then we switch in the last dimension and look at [log7uﬂ +1<z2<

flogu;“?] + 1. The last string of inequalities implies that 2 < z < 2us.

(a) If 2 < z < wg, then (uq, 2, us, u3z) (or (z, Ul,UQ,U?,)) has a distinguishing 2-
labeling as long as uz < 27%1¥z — (1055?21 Clug < 2FWus s — 1 s
always true by induction, since zu; > 4 and us = ugz. The desired inequality

now follows.]
b)) Ifup; < z < 2uQ2, then (w1, us, us, z) has a distinguishing 2-labeling as long as
2z < 2ug < 2W1¥2 — f%] — 1. [Since us = uz, one can prove via induction

that 2uy < Quiuz ug — 1 holds for ug > 3. The desired inequality now follows.]

(i) If uy < u2, then it is always true that uy < 2U3 — [logﬂ} 1 =2u 2
Hence, (us,us,u,) has a distinguishing 2-labeling. Therefore Lemma 4 1 implies
that (uy,us, ug, u4) has a distinguishing 2-labeling.

Case 4: (U1 =uo < ug < U4)

() If u3 < us, then uy < cusus [bgu%] — 1 implies that (u3,u3,u4) has a distin-
guishing c-labeling.

1 2 . .
(i) If us < ud < ug, then uy < 343 — (10%“2] — 1 implies that (u3,u3,u4) has a

2
distinguishing c-labeling. If c#s%2 — flogTuﬂ —1 < uy < s — (M] —1, then
u3

switch in the last dimension and look at [10‘%‘7;‘3] +1<z< [lm%%] + 1. Note that
2

the last string of inequalities implies that 2 < z < 3. Thus the only value of z that we

need to consider is z = 2.

Hence, we consider (2, u1, u2, us). By induction on ug, (2, u1, ug, ug) has a distin-

. . . 2 2
guishing c-labeling as u3 < u3 < c?%2 — [10577”] —1=c%2 -2,

(iii) If ug < uy < u3, then (us, uyg,u3) has a distinguishing 2-labeling as u3 < 2434 —

[lo%uﬂ — 1. [The inequality we want follows from the inequality u2 < 22 —u2—1.]

Case 5: (u; < up =wuz =wuy) and (u; = us = ug < uy)

(i) For (u1 < ug = ug = uy4), we note that (us, us, u4) has a distinguishing 2-labeling.
Hence, by Lemma 4.1, (uq,ug, us, u4) has one too.

(i) The case (u1 = ug = uz = uy) is already known.

(iii) For (u3 = ua = uz < uz + 1), we note that (ug, us, usz + 1) has a distinguishing
2-labeling. Hence, by Lemma 4.1, (uy, ug, ug, ug + 1) has one too.

(v) For (u1 = us = uz < uz +¢), 2 < & < uj — usz, we collapse and consider
(uz + &,u3). As we will show, uj < 2%3%€ — [log,(ug + €)] — 1 holds for all
ug > 2, except for (us,e) = (4,2) and (us,e) = (5,2). By Lemma 4.1, (4,4, 4, 6)
and (5, 5,5, 7) both have distinguishing 2-labelings. For all other cases, we observe
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that (us + ¢, u3) has a distinguishing 2-labeling by induction on dimension and hence
(u1 = ug = us < ug + ) has a distinguishing 2-labeling by the collapsing lemma.

[uz < 2“37¢ — [logy(ug +€)| — 1 can be verified by hand for the cases 2 < uz < 9.
For uz > 10, one can prove by induction that u3 < 2“3 — 43 — 1. Our result then
follows.]

(v) For (u1 = ug = ug < uj + 1) through (u; = ug = uz < 3 — [log,u3] — 1), we
look at (ud, 2), ud + 1 < z < ¥ — [log, ul] — 1.

(vi) The switching lemma takes care of (u; = uy = ug < ¢“3 — [log, u}]) through
(uy = up = ug < ¢ — [%Bets] 1),

Uiu2

d > 5: The case (2,2,2,2,...,2) will serve as the basis step for induction on u,.

Case 1: (u; <wup <wug <wug < - <wug_1 <ug)

(1) If uyue < ug—1, then (us,uq, ..., uts,. .., u4_1,uq) has a distinguishing c-labe-

o 1 -
ling if ug < cvavzta-t — [ o ti=l ] .

(1) If ug—1 < wus < uy, then (us,uq,...,uq—1,u1u2,uq) has a distinguishing c-
. log . 1 log.. uq_
labeling if uy < cwavzta—1 [ 2812 11 Gipce [ —8et1l2 7 — [_OBctd1 ]
U3Ug-"Ud—1 U3U4* " Ud—1 ULU2 " Ud—2

1
= 1, we never have to worry about the case 4142 %a-1 — (%] — 1< ug.

(iil) If ug < wyug, then (us,uy,...,uq—1,uqd, u1usz) has a distinguishing c-labeling as

log, ug
U3zUgq4-"Uqd __ | P85 ®d | __ — U3U4 U4 __
urug < ¢ [u3u4f_ud71] 1=c 2. Because ug < ujug, we do

1
not have to worry about the case c#s¥47 ¢ — [-B8etd ] — 1 < gy,

Case2: (up =ug =+ =up < uUpp1 < - <ug—y <ug),where2 <k <d—2
aG) If u’f < ug—1, then (ugy1,..., u’f, ..., Ud—1,Uuq) has a distinguishing c-labeling if
ug < ey [t ]
(i) If ug_1 < u¥ < ug, then (upy1,...,uq_1,u¥, uqg) has a distinguishing c-labeling

. k.. log,, u® k... log, u®
uy - ug_1 c Uy uyug_q c Uy
if ug < c* ’—uk+1"'ud—11 1. If ¢ |—uk+1--'ud71—| 1 <ua <

kL 1 - ke :
ctiud-r [ _PBeddol 1 — curua-1 — 2 then switch and look at
ULUZ - Ud—2

log,. uq_ log . u¥
QZI—M]+1§Z< L1+1:k+l<u’f.
ULUY * * * Ud—2 uk-‘rl"'ud—l
(a) If z < wg—1, then look at (uy,us,...,2,...,uq—1). Note that (uy,us,...,z,

. C Ko o log, §
..., ug_1) has a distinguishing c-labeling if ug_, < ¢*1¥r+1% — [2827
where ¢ = ujug -+ -ug_2if 6 = zand € = uwjug -+ -ug_32 if § = uyg_o. Since,

. . . k
in either case, (@l < ug_1, it follows that ug_; < c#1¥r+1% _ [@] -1

always holds.

b) fug_1 <z< u’f, then we consider (w1, ug, ..., Uk, Uk+1,- - -, Ud—1,2). Since
.. k 1 _ k
it is always true that z < cU1tk+17td—1 — [SBeldol] ] — cUpUk+1Ud=1 _ D

k
Uy Ud—2
(u1,ug, ..., Uk, Ugt1,-- -, Ud—1,2) has a distinguishing c-labeling.
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k .
(i) If ug < u¥, then uy < 2urtk+1-ta-2 — 2 Thus, (uy,us, ..., Uq_2,uq) has a dis-
tinguishing 2-labeling and so, by Lemma 4.1, (uy,us, ..., uq—2,U4—1,uq) has one
too.
Case3: (u; <ug = =up < g1 < <ugog <ug),where3 <k <d-—1
G If ug_l < ugq—1, then (ul,uk+1,...,ug_l,...,ud_l,ud) has a distinguishing c-
k—1
labeling if ug < cvive” wa [ _19gtat g,
U1 Uy e Ud—2
(1) If ug_1 < ug_l < ug, then (ul,uk+1,..  Ug— 1,u’§ ! ug) has a distinguishing

. . k—1 . 1 p 1
c-labeling if ug < cvivz  uwa-1 [ _OBela uy 1-1.
Uk41""Ud—1

k=1, log, u® -1, 1 _
If c¥1uz Ud—1 _ |‘ g Upy "| —1< ug < < Cu1u2 Ud—1 [70& Ud—1 .| — 1, then
Uk4+1""Ud—1 ULU2 " UJ—2

k
switch and look at 2 = [128e¥i1 ] 4 1 < » < [bgci%] +1<k<ui™

UrU2-Ug—2 Uk+1 " Ud—1

(a) If 2 < ug_1, then consider (ul,uz, e Uy Ukt Ty« -5 25+ -+ Ug—1). Note that

(U1, U2, .oy Uky Ukt 1y - -+ 2y - - -, Ug—1 ) has a distinguishing c-labeling if ug_1 <
k*l'n 1 .

chty Tud—2Z [Ogc 1-1, where € = UUg---Uj_o if 6 = z and ¢ =

log,. &

Uy - - uqg—3z if & = ug_». Since, in either case, [ =22~ < wugy_1, it follows

k—
that ug_; < cU1ts U2z _ [log“ 1 — 1 always holds

®) fug_1 <z < ufj*l, then look at (u1,usa, ..., Uk, Ukt1,---,Ud—1,2). Since
ulukfl-nud_l log, udg—1 _ uluk71~--ud_1
z < ¢tz -1 [——fepd=l ] ] = (s — 2 always holds,
u1u2 rUd—2
(u1,ug, ..., Uk, Ugt1,---,Ud—1,2) has a distinguishing c-labeling by induction

on uq.

(ifi) If ug < ub™', then ug < 292 weri-wa—1 — 2 Thus (ug,us, ..., uq) has a distin-
guishing 2-labeling and so, by Lemma 4.1, (u1,usg, . . ., ug) has one too.

Case 4: (u1§u2:--~:ud,1:ud)and(u1:u2:-~-:ud,1<ud)

(i) For (u1 < ug = ug = -+ = ug—1 = uq), we note that (ug,us,...,uq) has a

distinguishing 2-labeling and so, by Lemma 4.1, (u1, us, . . ., ug) has one too.
(ii) For (ug = ug = -+ = ug—1 < uq), U1 < ug < u1 , we note that ug < ud L
Therefore, since (ug,usg, ..., uq—1) has a distinguishing 2 -labeling, Lemma 4.1 im-
plies that (w1, uso, ..., uq—1,uq) also has a distinguishing 2-labeling.

(i) Tfuf™? < ug < u™?, then (ug, ud~') has a distinguishing 2-labeling since uf ! <
2l gt o < ou gy — 1,
(iv) Ifuf™ < uy < i’ — [log, ud™"] — 1, then (u¢™",uy) has a distinguishing

d 1

c-labeling (since ug < c*1 — (10&2 uilfl] —1).

. d—1 _ d—1 d—1
(v) Lastly, if 2 — [log, uf M<ug <et — [bi?# —1=¢"  —2 then
we switch and look at (z, u1,ug, ..., uq—1) or (u1, usa, ..., us—1,2), where 2 < z <

Mog.u{™*] < ud™'. In either case, it follows that (ui,uz,...,uq_1,uq) has a

dlstmgu]shing c-labeling. |
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Lemma 4.3. For integers ¢ > 2, d > 3and 1 < w3 < ug < -+ < ug with ug >
T log, ug—1 . _ - .
Ui UG- [m] + 1, there is no distinguishing c-labeling of the (w1, ua, ..., uq)

grid.

Proof. If ug > c"*%2""d-1_then since the dimension d subgrids have size (uq,us, ...,
uq—1) and there are greater than ¢*%2""%d-1 guch subgrids, at least two of them must be
identical. An automorphism switching two such positions in dimension d preserves labels.
So, there is no distinguishing c-labeling in this case.

If ug = c*1"2""4-1 and two dimension d subgrids are identical, apply the same auto-
morphism as the previous paragraph. Otherwise, the set of dimension d subgrids is exactly
the set of possible subgrids. Then, take any nontrivial automorphisms 7y,...,7T4—1 in
the other dimensions. This induces a permutation 74 of the dimension d subgrids. Then,
(m1,...,mq) preserves labels. So, there is no distinguishing c-labeling in this case.

If ctruzua-1 [%] +1 < ug < cwv2ta-1 by the grid switching lemma
there is a distinguishing c-labeling only if there is a distinguishing c-labeling of the grid of

. log,, 4
size (uy, Uz, ..., uq_1,c% — z), where 1 < z < [%] — 1. Note that ug_q1 > z

M) (ug - ug—2) = log, ug_1. So, ¢ (W1 ta-2) <

ULULUd—2

and that z - (uy - -~ ug—2) < (
clogc ma-1 — 4, ;. Hence, by the first paragraph, there is no distinguishing c-labeling. [

Theorem 4.4. For integers d > 2 and 1 < uy < -+ < ug let s = wjus---ug—1 and
c= [ui/sl Except for d = 2 with u; = us € {2,3} and for d = 3 with u; = uy =
usz = 2 we have that the grid and array of size (u1,us,...,uq) have a distinguishing c-

labeling if ug < c¥ivzvd-1 — f%] — 1. They have no distinguishing c-labeling

. 1 ,
if ug > vz td-1 — (711105;%;2] + 1.

Proof. 1f the array has a distinguishing c-labeling, so does the grid. If the grid has no
distinguishing c-labeling, neither does the array. The result then follows immediately from
Lemmas 4.2 and 4.3. O

. 1 _ : .
In the remaining case, uq > ¢"1"2 "=t — [ “SBeme=1-], the theorem gives no infor-

mation. However, in these cases, we can apply the switching lemma to check. We again
may need to recursively check the new sizes. However, the number of such steps will be at
most the iterated logarithm (base c) of ug.

S Distinguishing numbers

In this section, we take the results of the previous section in order to determine (up to two
possible values) the distinguishing numbers for arrays and grids.

Theorem 4.4 was stated from the perspective of whether or not a distinguishing c-
labeling exists for given c and (u1, usg, . . ., uq). For given (uy, us, . . ., uq), the distinguish-
ing number (for a grid or array) is the smallest ¢ such that the condition for a distinguishing
labeling in Theorem 4.4 is satisfied. Determining this ¢ we get the following result for
distinguishing numbers.

Corollary 5.1. For integers d > 2and 1 < u; < --- < ug, let s = ujug---ug—1 and
¢ = [uX/*]. Except for d = 2 with u; = uy € {2,3} and for d = 3 with u; = uy =
us = 2, we have D(Grid(uy,us,...,uq)) = D(Array(ui,ug,...,uq)) € {c,c+ 1}.
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Itis cif ug < ¢ — [—28e=1] _ ] and ¢+ 1if ¢* — [—2Be™=1 ] 4 1 < 4y, When

ULUZ " UJ—2 ULUZ " Ud—2
log, wg—1 .. . . . s .. g
i | itis cif the grid of size (uy, us, . .., ¢® — ugq) has a distinguishing

c-labeling and c 4 1 otherwise. Hence, we can recursively determine the value in this case.

ug=c*—|

Proof. 1t is easy to check that for k < ¢, uq > k* — (M] + 1 and that ug <

ULU2 UG —2
(c+1)° — [%] — 1. Hence, the smallest ¢ such that there is a distinguishing
c-labeling is ¢ or ¢ + 1. The exact values follow immediately from Theorem 4.4. The

comment about the recursion follows from the switching lemma. O

We finish with a few comments and examples. The distinguishing numbers for the
exceptional cases in the corollary are 2 for grids and 3 for arrays as noted earlier. For
the special cases when we use recursion, it is possible that the smaller grid/array has a
distinguishing number smaller than c. However, what matters is whether or not the reduced
case has a distinguishing c-labeling. Consider the following sizes for examples with d = 3:
(3,5% — 2, 53(5°=2) _ 2), (3,55 -1, 53:(5°=1) _ 2), (3,56, 53:5° _ 2). In each case, c = 5
and we are on the boundary where we need to apply recursion. By the switching lemma, we
look at (respectively) 5-labelings for sizes (2, 3,55 —2), (2,3,5%—1), (2, 3,5°). In the first
case, the conditions give a 5-labeling and in the last case they do not. So D(Grid (3,55 —
2,53(°=2) _ 2) = 5 and D(Grid(3,55,5%° — 2) = 6. In the middle case we again
are on a boundary and apply the switching lemma one more time, looking at size (1,2, 3).
Here, there is a distinguishing 5-labeling so we get D(Grid(3,56 — 1,53(°~1) —2) = 5,
It happens also that D(Grid(2,3,5% — 1) = 5, but it could have been lower. Note that
D(Grid(1,2,3) = 2, but the fact that there is a distinguishing 2-labeling does not help for
size (2, 3,55 — 1) as we need at least 5 labels for this size.
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