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Abstract. A d-dimensional Perfect Factor is a collection of periodic arrays in which every
k-ary (niX---Xmng) matrix appears appears exactly once (periodically). The one dimensional
case, with a collection of size one, is known as a De Bruijn cycle. The 1- and 2-dimensional
versions have proven highly applicable in areas such as coding, communications, and location
sensing. Here we focus on results in higher dimensions for factors with each n; = 2.

1. Introduction.

A d-dimensional k-ary, order N perfect factor of size t and period R (called a De Bruijn
family in [13]) is a family {By, ..., B;} of d-dimensional k-ary (entries from a k element set,
typically [k] = {0,1,...,k — 1}) toroidal (i.e. periodic) arrays, of period R each, with the
property that for every d-dimensional k-ary matrix M of order N there is a unique 7 and a
unique I so that M appears in B; at position I. (We will say that a particular matrix M
of size N appears in B at position I = (i1,...,1q) if M appears in the positions I through
I+N .) We call such a perfect factor a (f_f, N; t)¢ perfect factor and denote the set of all
such perfect factors by PFA(R; N:t).

In the case that d =t = 1, perfect factors have been called De Bruijn cycles. Perfect
factors with t = 1 and d > 1 have been called de Bruijn tori and perfect maps. It has become
clear in past work that the existence of perfect factors greatly facilitates the construction
of De Bruijn tori. See [13] for more details (or [17] for the two-dimensional case). The De
Bruijn graph dB(n, k) is defined as follows. It’s vertex set consists of all k-ary n-tuples, and
there is a directed arc from x; ...z, to y; ...y, whenever y; = x;,1 for each i < n (see figure
1). The term ‘factor’ comes from the fact that when d = 1 the fundamental blocks of a k-ary
order n perfect factor of period r actually give rise to a factoring of the arcs of dB(n — 1, k)
into cycles of length r, since the arcs of dB(n — 1, k) correspond to the vertices of dB(n, k).

!'Department of Mathematics, Arizona State University, Tempe, AZ 85287-1804. Partially supported by NSF
grant DMS-9201467.
?Department of Mathematics, Lehigh University, Bethlehem, PA 18015.



Figure 1. dB(3,2).
For example, F' = {(000111),(01)} factors the arcs of dB(2,2) into two cycles, but

they are of different lengths and so F' is not a perfect factor. However, we do have that
{(0001), (0111)} € PFy(4;3;2). Likewise, if
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then every binary 2 x 2 matrix occurs exactly once in either A or B, exclusively. But {A, B}
is not a perfect factor since A and B are of different sizes. However, for the torus C' below,
we have that C' € PF2(4,4;2,2;1).
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De Bruijn cycles were first discovered in [7] and later independently in [2] and [9] (see
Frederickson [8] for a survey of De Bruijn cycles). 2-dimensional De Bruijn tori are examined
in [1,4-6,11-18], among others. A 2-dimensional De Bruijn torus (ry,r;n1,n9; 1) is square
if 11 = ro = r and totally square if ny = ny = n as well. It was asked in [3] whether such
totally square tori exist. Except for small values of nj, it has been shown (see [6] for k = 2
and [11] for general k) that the obvious necessary conditions 7 > n and 72 = k™ are also
sufficient for their existence.

We have conjectured [11] (as others have) that for general De Bruijn tori, the nec-
essary conditions 7; > n; and R = kY (R = [[r;, N = [In;) are also sufficient, ex-
cept possibly for some “small” cases. Etzion [5] gave constructions for De Bruijn tori in
PF}(2!,2mm2t ) ny: 1) for all ny < 28 < 2™ except ny = ¢ and ny = 2, and for all
ny < 28 < 2m~1 when ny = 2.

Paterson [16] finished off the 2-dimensional binary case, proving that PEFZ(ry, ro;ni, no;
1) # 0 if and only if r; > n; and 717y = 2™"2. Paterson [18] has recently extended this result
to arbitrary base k, showing that the necessary conditions r; > n; and r1ry = k™™ are nearly
sufficient for the existence of De Bruijn tori in PF ,?(7“1, T9; N1, No; 1). His constructions miss



the cases when k, r; and 7, have prime factorizations k = [I_, py, = j-:lpfj and
ry = [I5—; p; with either p;’ < n; or pj’ < ny for each j < s (PF3(30,30";6,2;1) and
PF2(2°,3%3,3;1), for example).

As for the base a power of two, we proved in [12] that, for all s and ¢, PF2,,(4st?, 4s%t%; 2,
2;1) # 0, extending the techniques of [14]. TImplicitly, we proved in that paper that
PFZ,(4st,4st;2,2;s%t%?) # (), which, because of the way in which we proved they could
be linked together, implies that, for all @ < (1, a < (5, and (1 + B2 < 4a, we have
PFZ, (250, 2P2,2 2, 24=F1=02) £ (). We will use Theorem 2.1 below to improve this result to
cover all the cases 1 < f3;.

The purpose of this paper is to extend the methods of [13] (see also [5] and [18] for two
dimensions and binary cases) in order to prove results about perfect factors in dimensions
higher than two. Before we can state our main result we must first develop more notation
and terminology.

We define d-dimensional vectors (2)¢ = (z,...,2) and (x)¥ = (x4, ... 2%) for @ =
<O{1, c. ,O{d>.

A fundamental block of B is an array consisting of r; consecutive rows in the ith dimen-
sion for each i = 1,...,d. Repeating such a block produces B. We will sometimes refer to a
fundamental block of B as B when there is no chance of confusion. Thus, we will say that a
matrix appears uniquely in an infinite periodic array if it appears uniquely in a fundamental
block. In this case, addition on subscripts in the i*" dimension is performed modulo r; and
we think of B toroidally. If B = [bf] is any d-dimensional torus, the projection of B along
i; = h is the (d — 1)-dimensional torus consisting of all entries b7 for which i; = h.

As a necessary condition for perfect factors, we know that there are k¢ k-ary d-
dimensional matrices, where Ny = H?Zl n;, and there are t tori with R, positions each
for a matrix to appear, where R; = Hle r;, and so we must have tRy = k™N¢. Also, if ever
some r; = n;, then the all 0’s matrix appears more than once (at least r; > 1 times), and
so we need r; > n; for each ¢ as well. It is believed that these conditions are also sufficient,
though again “small” cases may cause difficulty. Note that the conditions above determine
t from N, and Ry, hence the notation PF; ,f(ﬁ; N ;1) is somewhat redundent. We include ¢
for clarity.

Our main result is
Theorem 1.1. Let k = [I;_, p;" for primes p; and for j < d suppose that r; = [1;_, piﬂi’j with
each pfi’j > 2. Further assume that for each i < s there is a permutation o; = (0,1, ...,0:4)
of {1,...,d} so that for each | < d we have 3\ B, , < ;2. Then PFXR;N:t) # 0 for
R={(r,...,re), N=1(2,...,2) = (2)4 and t = kN4/R,.

Observe that t is determined by E and N as in the previous paragraph. The goal is to
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determine, for given d, k, and N, for which R PF ,ff(ﬁ; N t) is nonempty, so the value of ¢ is
really of no concern to us.

As an example, one can construct factors in PFg,(2'3-3%.73,25.31.71 25.31.78 213.37.
72:2,2,2,2;t) where t = (23.32.7)%' /(236.3%7.714) = 212.35.72 The theorem comes from con-
structing perfect factors for each prime and then putting them together in a rather natural
way. The role played by the permutation ¢ in Theorem 1.1 is to transpose the factors from,
say, PFy(3',3%,37,314,2,2,2,2;3%) to PFy(3°3%,31,37;2,2,2,2;3%). Likewise, we con-
struct PFyy(2°,25, 213 213,22 2 2:212) and PF(7*, 7%, 73,7%,2,2,2,2; 7%) from Lemma 3.3,
below, and transpose them to PFy;(2'3,25,25 213:2, 2,2, 2;212) and PFF(73, 7', 7%,7%,2,2,2,
2; 7%), respectively. Then Theorem 2.3, below, will combine these three perfect factors into
one.

What Theorem 1.1 doesn’t yield are factors near the “diagonal”; that is, with the r;
nearly equal. In fact, we cannot yet construct 3-dimensional versions of totally square tori
in PE3((r)% (n)% 1) for prime p.

2. Building Blocks

Crucial tools in our inductive construction are found in the following theorems.
Theorem 2.1. ([17]) If p* is a prime power and n > 2 with n + 1 < p® < p™, then
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Let B = [b;] be an infinite d-dimensional k-ary matrix, and let B’ = [b] be an infinite

d-dimensional k’-ary matrix. The term product B ® B’ is the kk'-ary matrix with entry I
given by Kby + % In [13] we find
Theorem 2.2. Let B = (ry,...,rq) and R = (r},..., 1) have ged (rj,75) = 1 for all
j<d. If Be PFX{R;N;1) and B' € PFL(R;N;1), then (B® B') € PFZ,(R"; N) with
R = (rarh, .o rarh). B
It is straightforward to generalize Theorem 2.2 from De Bruijn tori to perfect factors.
This yields
Theorem 2.3. Let R = (r1,...,rq) and R = (r},... 1) have ged (rj,7%5) =1 forall j < d.
If {By,...,B;} € PEXR; N;t) and {B},...,B}} € PFL(R'; N;t'), then {BioBj:1<i<
t,1<j<t'}e PFL(R" N;t") with R" = (rir}, ..., rqr’) and t" = tt'. B
In the next section we use Theorem 2.1 and wait until the very end to use Theorem
2.3 in the proof of Theorem 1.1. We will also need several technical lemmas about perfect

factors of order one such that the sum of the entries in each factor is zero modulo the base
k. They will be used as a control on the resulting periods of our constructions.

d
Lemma 2.4. Letp > 2 be a prime, d > 1, and Rqy = pzkzlﬁk. Then there is a partition
{S1,...,Sryp} of the set of vectors TIi_,[p*] into sets of size p such that, for eachi < Ry/p,
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the following holds. Let S; = {Vi1,...,Vip}t withV;; = (vij1,...,vija). Then for eachk <d
we have Y%_ vi ;=0 (mod pP).

Proof. We use induction. For d = 1 we use the following factors F},; (for the S;), where
i=0,1,....,p—land h=0,1,...p5 2 — 1.

. L p—1 _
Fh,iz{hﬁﬂpﬂb=0,1,---,p—2}U{pﬁl—( ) )—Zp(p—l)—hp2(p—1)}-

It is easy to see that these factors partition [pf | since since the former set making up each
F}, ; takes cares of those integers congruent to 0, 1,...,p—2 modulo p and the latter set takes
care of those congruent to p — 1 modulo p. The sum of the terms in F},; is ( ?;(2) (hp? +ip +
7)) + P — (pgl) —ip(p—1) — hp?(p — 1) = p®* which is congruent to 0 modulo p?.

For d > 1 we use the previous construction from the case d — 1 and append a d** coordi-
nate onto every vector in the following way. Given a set S; = {(vi11,...,Vi1.d-1),- - (Vip1,
. Vipa-1)} from the (d — 1)- construction, and x; = {1,%s,...2,} € PF},(p;1;p%7")
(from the case d = 1), we construct the sets S; j o, Sij1,-- -, Si;p—1 Where S; ;= {(vi11,. ..,
Vidd1s T14k)s - s Vipds - -+ Vipd_1, Tprk) } and where the subscripts on the d” coordinate
are taken mod p. This yields the p(p?*~1)(R4_1/p) = Rq/p sets with the necessary modular
properties. B

Lemma 2.4'. Letp=2,d>2,2< 1 <...< [y, and Ry = 93 k=1%% . Then there is a

partition {S1,...,Sg,a} of the set of vectors [1¢_,[2%] into sets of size 4 such that, for each
i < Ry/4, the following holds. Let S; = {Vi1,...,Via} with V;; = (vij1,...,vi;a). Then for
each k < d we have ¥}_; v, =0 (mod 2%).
Proof. We use induction. For d = 2 we use the following matching to figure the set of
k" coordinates. FEach 0 < x5, < 2%~ is matched with y, = 2% — z;,, and 2, = 0 is
matched with y;, = 2771 To construct a particular set S; = {{v;1.1,vi12), -, (Via1, Via2)}
we choose one of the 2°1~! matches (1, y;) and one of the 2°2~! matches (x5, 32) to form the
set {(z1,22), (x1,y2), (Y1, T2), (y1,y2)}. This produces (2%171)(2/%271) = R, /4 sets with the
necessary modular properties.

For d > 2 we use the previous construction from the case d — 1 and append a d** co-
ordinate onto every vector in the following way. As above, we will use the set of matches
{(x4,y4)}, defined analogously using ;. Given a set S; = {(vi11,. -, Vitda—1)s---s (Viats---,
Viaa-1)} from the (d — 1)- construction, and given a particular match (x4,y4), we con-
struct the sets S; and S{l as follows. Sz, = {<Ui,1,17 -5 Vi1,d-1, ,I'd), <Uz',2,17 < Vi2.d-1, .Z’d>,
(Vi1 Vi3d—1:Yd)s (Viad,---,Viad—1,Ya)} and S; switches the roles of x, and y,. This
yields 2(2%471)(Ry_1/4) = Rq/4 sets with the necessary modular properties. B



Corollary 2.5. Let p > 2 be a prime, d > 1, and Ry = pzzzlﬁk. Then for any integer
1 <m < ¥¢_, By there is a partition {Si,. .., Srupm} of the set of vectors [1¢_,[p%*] into
sets of size p™ such that, for each i < Rq/p™, the following holds. Let S; = {V;1,...,Vipm}
with Vi ; = (vij1, .., vija). Then for each k < d we have Z?:l vijx =0 (mod p).
Proof. Concatenate as many of the sequences from Lemma 2.4 as needed. B

Corollary 2.5'. Letp=2,d >2 2< 6, < ... < By, and Ry = 255=1%_ Then
for any integer 2 < m < %_, By, there is a partition {S, ..., Sr,s2m} of the set of vectors
[1¢_,[2%] into sets of size 2™ such that, for each i < Rq/2™, the following holds. Let S; =
{Via, . Viem} with Vij = (vij1,...,vija). Then for each k < d we have Y7—  v; 5 = 0
(mod 2°).

Proof. Concatenate as many of the sequences from Lemma 2.4" as needed. B
3. Proof of Theorem 1.1

Lemma 3.1. Letty = p‘ﬁd_zj:lﬁi andtyy = p‘ﬁdﬂ_zfil1 i If PFZ?Q((p)E; (2)%t4) # 0 and
Barr < 02154 B (so that Y01L B, < a2t d.e., Rypq|p®Ne+t ), then Pngl((p>5, platt;
(2)4 1 tag) # 0.

We note that many of the arguments below can be made for arbitrary N (with the
modification fzy1 < aNgi1 — S¢_; B in the hypothesis), though we lose the ability later on
to transpose freely the factors produced. Also, the statement for N = (n)? becomes more
cumbersome, and so we aim here for clarity rather than generality. We also note that in the
application of Lemma 3.1 to Lemma 3.3 which follows, it may be assumed that 3; < ;14
for each i < d, since reordering in this way will not violate the hypothesis of Lemma 3.1
(reordering in nonincreasing fashion, however, may at times violate the hypothesis).

Proof. Basically, the strategy is based on ideas and techniques found in [5,6,11,16]. However,
since we are constructing perfect factors rather than De Bruijn tori (perfect maps), there is
some added difficulty in ensuring that the arrays have the proper period. Given any p“-ary
(d + 1)-dimensional matrix M of size (2)4*1 we see that its projection along iz = 4 is a
d-dimensional matrix M;, which occurs in a unique A, ;) € A, for A € PFI‘L((p)E; (2)4:tq), in
the unique position .J| (Ay@y). So the matrix M can be partially encoded by the ordered pair
(u(0),u(1)), since i € {0,1}, and we are interested in using a 1-dimensional perfect factor U
for pairs with base |A| = t4 = p®4 /Ry to locate M. The rest of the encoding comes from
the positions f(Au(x)). The difference f(Au(l)) — f(Au(o)) is a vector § = (s1,52,...,54)
where s; € {0,1,...,p° 1}, This vector S can be assigned an integer via any bijection
g : I8, [p%] — [I¢_, p*] = [R4), and so we are also interested in using a 1-dimensional
perfect factor V for singletons with base Ry to locate M.

To show that the following constructions are indeed a perfect factors, we must show



that each matrix M can be found uniquely and that the arrays are periodic with the correct
period. Uniqueness will be shown by noting that the pair (u(0),u(1)) appears uniquely in
the same position as the shift J| (Ayy) — J| (Ay(0)) in the constructions below.

What remains in the proof is to construct sequences which will match up the pairs
(u(0),u(1)) with the images z; of the shift vectors S;. There will be four cases, based on
whether 7441|(tq)? or (tq)%|r4s1 and whether 74, 1|Rq or R4|rgr1. The perfect factors U and

VY will come from Theorem 2.1 and from Corollaries 2.5 and 2.5', respectively.

Case 1: rg41|(ta)? and rgq|Rg. Given any U; = (ujo,uig,...) € U = {Uy,Us, ...} €
PFL(r441:2; (ta)?/raq) and V; = (vj0,0j1,...) € V = {V1,Va,...} € PFg (r441;1; Ra/Tas1)
we construct 7441 periodic sequences Wo(Us, Vj), ..., W, ,—1(U;,Vj), each of period 7441,
with the property that the & entry Wy (U;, V;)i, of Wi(U;, V;) is the ordered pair (u;x, vjx11)-
Clearly, for every (a,b) € [ta]?, ¢ € [R4), there are unique 4, j, k and [ such that W;(U;, V;)x
(a,¢), Wi(Us, V)1 = (b,+), and k < rgp. Thus W = {Wy(U,,V;) : i € [(ta)?*/rar], i
[Ri/Tas1],l € [ras1]} forms an encoding of the [W| = ((tg)2/7’d+1) - (Rg/Tas1) * Tas1
(ta)’Ra/ras1 = tqsr factors in the family A" € PEL((p)?, pPir1; (2)9t441) generated
by A € PF.((p)”; (2)% ta).

Case 2: rgi1](tq)? and Rylrgi. U is as in case 1, but now we take V = {V} €
PF led(RdS 1;1) and, for each 4, construct Ry periodic sequences W;(U;, V), defined as be-
fore, with ¢ € [(t4)?/rqr1] and | € [Rg]. As before, we get [W| = (tq)?Ra/Tas1 = tan
sequences to encode the factors in A'.

Case 3: (tq)*|rg+1 and 7441|Rg. V is as in case 1, but U = {U} € PF}((tq)*2;1) and
for each j we construct (¢4)? periodic sequences W, (U, V;), defined above, with j € [Ry/7q11]
and [ € [(t4)?]. Again, [W| = tg41.

Case 4: (tq)*|rgs1 and Rglrgyr (and rge1 //Rq). V is as in case 2, but now we use
U e PFti(rdH/Rd; 2: (tq)*Ra/ras1). (See below for the case rqy1/Rq = 2, in which case
such a U does not exist.) We use a different technique here, first used in [6] and again in
[11]. Let V = (vp,v1,...,VR,—1,v0,V1,...). Denote by v§ the sequence (vg,uvo,...,vy) of
length z, let V' = (vy,...,vg,—1) and denote by (V')* the concatenated sequence V'V’ ..V’
of V' with itself z times. Now let V" = vf(V')* = (vg,of,... vy, ), with & = rq.1 /Ry,
and for each i construct the sequence W (U;, V"), of period rqyq defined by W(U;, V"), =
(Wiks Vi (mod Ry)- It 18 not difficult ([6,11]) to see that for every (a,b) € [ta]?, ¢ € [Rq], there
are unique i and k such that W(U;, V"), = (a,¢), W(U;, V)1 = (b,-), and k < rgq41. Also,
IW| = (ta)*Ra/Tas1 = tar1, completing the proof of Lemma 3.1 when 7441/ Ry # 2.

If r441/Rq = 2 take U' € PF}((ta)*2;1) and concatenate rqq1/(tq)* copies of U’
to get U (with length rq1). Take V = (vo,v1,...,0p,-1) € PFg (Rg;1;1). For j =
1,2,. . .,(td)2Rd/’f’d+1 = td+1 let ‘/J have /{Zth entry Voj+k if 0 S k< Rd and V2j4+14+(k—Ry)

m
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if Ry <k < 2Ry. Now for 0 < j < tqy1, let W(U,V;) have k™ entry given by the ordered
pair of k™ entries from U and V;. Checking that this encoding has the correct uniqueness
and modular properties is straightforward. B

Observe that in extending this to n; > 2, the only difficulty in the above proof involves
the last paragraph of case 4. Also, analogues of Corollaries 2.5 and 2.5" are needed. However,
these can be obtained as in the proof of Corollary 2.5 using results from [17].

Lemma 3.2. For all 31 > 2,3, > 2, and o with 31 + (2 < 4a we have PF2,(2%,252: 2, 2;
24a—51—ﬂ2) 7& 0.

Proof. We assume that 3, < 35, otherwise we would simply switch the roles of 3; and 3,
and transpose the result of what follows. This and the hypotheses imply that 3; < 2« so
that PFL (291;2;2%7P1) % () by Theorem 2.1. Let U = {Uy, ..., Uya-5 } be such a perfect
factor.

Consider first the case that 23, + §, < 4a. Then f; < 2(2a — 1) 50 PFpu_p, (282, 2;
24a=261=52) o4 () by Theorem 2.1. Let V = {Vi,..., Va1 25,5, } be such a perfect factor.
If (z,y) is a particular pair of adjacent digits in some V; then our encoding will tell us to
juxtapose U, and U, as columns in a matrix. In order to construct a two-dimensional perfect
factor we need that every ordered pair (U,,U,) appears exactly 261 times, once with each
possible shift of U, with respect to U,. In this case we use the sequences S, = (x)Q’BQ, for
each z € [29], each of which sums to 0 (mod 2°') since 3; < 3,. Each S, gets paired with
each V; to create the (201)(2%~201-F2) = 24a=01=5 matrices in the factor required by the
theorem.

Consider, on the other hand, the case that 26, + f2 > 4a, and suppose that 5, < 2a.
Use U as above and take V = {V} € PFL. 5 (2**7%;2;1). Now we denote by (a,b)*
the sequence (a,b,a,b, ..., a,b) of length 2k and, for x € [2%1], define the shift sequences
S, = (x,2° — )27 each of which sums to 0 (mod 27). We partition [2°1] into index
sets Iy, ..., Iysa—p sy, of size 22P1+P274 each and for each I; = {i(j,1),...,i(j, 220 FP2—4a)}
we concatenate the sequences Sy 1), . - -, Sj(j 228145210y, to form the sequence S(j). Form the
sequence V227 by concatenating V with itself 22917524 times, and then pair each S(5)
with V21727 As above, this produces the necessary 24%=#1=52 matrices for the factor we
need.

Lastly, consider the case (; = 2«, which means that G, = 2a as well since [3; +
B < 4a. Thus we want to show that we can find a totally square De Bruijn torus in
PFZ (2%*,22%,2,2.1). But this set of tori has been shown to be nonempty in [12,14], and
this completes the proof of Lemma 3.2.

Lemma 3.3. Let p® be a prime power, for j < d let r; = p > 2 and suppose that for
each | < d we have Zé-:l B; < a2'. Then PF;Q(R; (2)4:t) # 0, where R = (r1,...,rq) and
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t=p™' i

Proof. We will use induction on d. For the base cases, when d = 1 we have PFpla (pP; 2; p?@=P)
# () from Theorem 2.1. If p = 2 then we also need d = 2 as a base case. For this we have
PFZ.(2°1,202,2 2; 24a=A1=02) £ () from Lemma 3.2. For d > 1 (or d > 2 if p = 2) the
hypotheses for case d imply those for case d — 1, which in turn imply those of Lemma 3.1,

which finishes the proof. B
Proof of Theorem 1.1. Use Lemma 3.3 followed by Theorem 2.3. B
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